Rubi 4.16.0.4 Integration Test Results

on the problems in the test-suite directory "0 Independent test suites”

Test results for the 175 problems in "Apostol Problems.m"
Test results for the 35 problems in "Bondarenko Problems.m"

Problem 7: Unable to integrate problem.
Log[1 +x]

X\1+V1+X

Optimal (type 4, 291 leaves, ? steps):

-8ArcTanh|[\/1++/1+x | —M—ﬁArcTanh[ﬁ] Log[1+Xx] +
Jieviox V2.

dx

\/?[1—\/1+\/1+X
Z\EArcTanh[%} Log[1-+/1++/1+x ]2\EAr~cTanh[%} Log[1++/1++1+x |++/2 Polylog[2, - s
2 2 2-+/2

} _

\/?{1—\/1+m \/?{1+\/1+m \/?(1+\/1+m
/2 PolyLog|2, | -2 PolylLog|[2, - | ++V/2 PolylLog|2, ]
2442 2-42 232
Result (type 8, 23 leaves, 0steps):
Unintegr‘able[M, q

X\V1++vV1+x
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Problem 8: Unable to integrate problem.

J\/1+\/1+x Log(1+x]
X
X

Optimal (type 4, 308 leaves, ? steps):

1+V1+x
~16+/1+V/T+x +16ArcTanh[\/1+vT+x | +4/1++1+x Log[1+x]-2+2 ArcTanh[~="="" ] Log[1+x] +

V2

L ) \/?[1— 1++/1+x
4~/2 ArcTanh| —] Log[1-+/1+V1+x | -4+/2 ArcTanh|——] Log[1++/1++V1+x | +2+/2 PolylLog[2, -
V2 V2 2-+/2

\/?[1— 1++/1+x \/7(1+ 1++/1+x x/?[1+ 1++/1+x
| -2+/2 PolylLog|2, - | +2+/2 PolylLog|2,

242 2-2 2+42
Result (type 8, 23 leaves, 0steps):

1+vV1+x Log[l+Xx]

X

} _

2+/2 Polylog|2,

]

Unintegrable|

» X]

Problem 21: Result valid but suboptimal antiderivative.

j 1 dx
(Cos[x] +Cos[3x] >5

Optimal (type 3, 108 leaves, ? steps):

523 1483 ArcTanh [+/2 Sin(x] | Sin[x]
- ——ArcTanh[Sin[x]] + + -
256 512+/2 32 (1-2Sin[x]2)*
17 Sin[x] 203 Sin[x] 437 Sin[x] 43 1 3
+ - - —Sec[x] Tan[x] - — Sec[x]° Tan[X]
192 (1-25in(x]?)?> 768 (1-2Sin[x]?)? 512 (1-2Sin[x]?) 256 128

Result (type 3, 786 leaves, 45 steps):
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523 1483 Log[2 + /2 + Cos[x] ++/2 Cos[x] -Sin[x] - /2 Sin[x] |
- —— ArcTanh[Sin[x]] - -

256 2048 /2
1483 Log[Z—\/?JrCos[x] —ﬁCos[x} +Sin[x] —ﬁsin[x]} 1483 Log[Z—\/?JrCos[x] —\ECOS[X] -Sin[x] +\/751n[x]}
+ +
2048 /2 2048 /2
1483 Log[2+\/7+Cos[x] ++/2 Cos[x] +Sin[x] +\/?Sin[x]} 1 1 47 45
- + - + +
2048+/2 128 (1-Tan[*])" 64 (1-Tan[*]]” 256 (1-Tan[X]]® 256 (1-Tan[*])
1 1 47 45 7-17Tan|[*] 119 (1+Tan[*])
_ . - - . -
128 (1+Tan[2] )" 64 (1+Tan[%])” 256 (1+Tan[%])® 256 1+ Tan[%]) 4 (1-27an[*] -Tan[*]*)" 48 (1-2Tan[*] -Tan[*]?)’
11 (1+3Tan[§]) 1-43Tan[*] 65 (1+Tan[§]) 451 (1+Tan[§])

+

12(1—2Tan[§]—Tan[§]2)3 32(1—2Tan[§]—Tan[ﬁ2)2 384(1—2Tan[§]7Tan[§]2)2 512(1—2Tan[§}—Tan[§]2)7

89 + 15 Tan[*] 7+17 Tan[*] 11 (1—3Tan[§}) 119 (1—Tan[§])

+ + - +

64 (1-2Tan[*] - Tan[*]?] 4(1+2Tan[§]—Tan[§]2)4 12(1+2Tan[§]—Tan[§}2)3 48(1+2Tan[§}—Tan[§]2>3

65 (1*Ta“[§}) 1+43Tan[X] 89 - 15 Tan [ * | 451 (17Tan[§”
+ + -

384 (1+27an[%] -Tan[*]?)® 32 (1+2Tan[%] -Tan[%]?)" 64 (1+2Tan[%] -Tan[%]*] 512 (1+2Tan[%] -Tan[%]’)

Problem 24: Result valid but suboptimal antiderivative.
J Tanh[Xx]
— dx
VeX s e?x
Optimal (type 3, 110leaves, ? steps):

Ar‘cTan[—‘—)—i’ 1-2i) & ] Ar‘cTan[Q—)—jl+ 1+21) et ]

. " 2 % 2+/1+1 4] eX+e?X 2+/1-1 4 eX+e2¥
2e e’ +e +
V1+1 V1-1

Result (type 3, 147 leaves, 11 steps):
(1-1) 2 [ex A1+ e ArcTanh | 11 e ] (1+1) V2 Jex A1+ e Ar‘cTanh[M]

1+e* 1+e*

+ e?X e* + @2 eX + e2X
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Problem 26: Result valid but suboptimal antiderivative.
JLog[x2+ 1-x* | dx

Optimal (type 3, 185leaves, ? steps):

1 (1 + \/?)
2 2
~2x-ArcSin| ArcTan | ArcTan | |+
1+ \/—
i (—1+ \/?) X

1 2 1

— ( +\ﬁ) Ar‘cTanh[ x] — ( 1+\/7) Ar‘cTanh[ +xLog +4/1

2 ~1++/5 2 V1-x?
Result (type 3, 349 leaves, 31 steps):

1
2 2 2
-2Xx-ArcSin| 1 + Ar‘cTan 2 + Ar‘cTan ArcTan
1@ 1+ \/— 1+ \/— 10
1 (1 + \/? X
2 1
ArcTan | |+2 | = ( ArcTanh | 1+ \/_ ArcTanh |
Nepvey 5 14 r 10 1. r
1 % ( 1+ \/_ % ( 1+ \/? X
2 7( 2+\/?) ArcTanh| 1+\/— ArcTanh | | +xLog[x?++/1-x?]
5 10

—X

Test results for the 14 problems in "Bronstein Problems.m"

Problem 12: Unable to integrate problem.

dx

Jx2+2xLog[x] +Log[x]%+ (1+x) Vx+Log[x]

x> +2x%Log[x] +x Log[x]?

Optimal (type 3, 13leaves, ? steps):




2
Log(x] - —
VX + Log[Xx]
Result (type 8, 65 leaves, 3 steps):
1 1
CannotIntegrate| ————————, x| - CannotIntegrate| , X -
(x +Log[x])3/2 Log[x] (x+Log[x])3/?
1 Vx + Log [X]
CannotIntegrate| , X| + CannotIntegrate|[ ———————, x| + Log[x]
Log[x]2%Vx + Log[x] x Log[x]?

Test results for the 50 problems in "Charlwood Problems.m"

Problem 3: Unable to integrate problem.

J—Ar‘csin[\/?—\/1+x | ax

Optimal (type 3, 69 leaves, ? steps):

(Vi +3Tox | oxe VX VTox (§+X
4+/2 8

Result (type 8, 60 leaves, 3 steps):

ArcSin[v/x -1 +x |

-X+1/ X 1+x

CannotIntegrate|
—xAr‘cSin[\/T—\/1+x ] + Lex
2+/2

» X]

Problem 4: Result valid but suboptimal antiderivative.
JLog[1+xwl+x2 | dx

Optimal (type 3, 97 leaves, ? steps):

—2x+ |2 (1+\/?) Ar‘cTan[x/—2+\/?

x+\/1+x2)]— 2(—1+\/?) Ar‘cTanh[\/2+\/? (x+\/1+x2

Result (type 3, 332leaves, 32 steps):

0 Independent test suites.nb | 5

| +xLog[1+x/1+x? |
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I 1 |2 l1 2 2 |2 .
_2x- E(lﬁ/?) ArcTan | T x| +2 E(2+\/?) Ar‘cTan[\/lJrﬁ X]+\l5(1+m ArcTan | e \1ex? ]+
(—1+\/?> ArcTan | 2 \J1+x2 ] +2 l(—ZJr\/?) ArcTanh | 2 x| + S (—1+\/?) ArcTanh [ 2 x| +

~1++/5 > ~1+4/5 10 ~1++/5
5(:lf\E)Ar‘cTanh[ 1+2\/? x/1+x2}— §(1+\E) Ar‘cTanh[ 1+2\E \/1+x2]+xLog[1+xﬂl+x2]

Problem 5: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

Cos [x]?

[N

dx

\/1+Cos[x]2+Cos[x]4

Optimal (type 3, 45leaves, ? steps):

x 1 Cos[x] (1+Cos[x]?) Sin[x]
— + —Ar‘cTan[
3 3

}

1+Cos[x]2\/1+Cos[x]2+Cos[x]4

Result (type 4, 289 leaves, 5steps):

ArcTan | Tan[x: ] Cos[x}z\/3+3Tan[x}2+Tan[x]4

3+3Tan[x]2+Tan[x]*

2\/Cos[x]4 (3+3Tan[x]2+Tan[x]*)

(1+\/?) Cos[x]? EllipticF[ZAr‘cTan[M], 1 (2—\/?)] (\/?JrTan[x]Z) 3+3Tan[x]*+Tan[x]*
3 4 (\/?Jan[x]z)z

4 31/4\/@5[)(14(3+3Tan[x]2+Tan[X14)

(2+\/?) Cos [x]? Ellip‘cicPi[l (3_2\/?), ZAI"CTan[Tan[X} L 1
6 31/4 4

2-+/3 V3 s Tan[x]? 3+3Tan[x]2+Tan[x]*
I A

(4 31/4\/C05[X]4 (3+3Tan[x]2+Tan[X]4) )



Problem 12: Result unnecessarily involves imaginary or complex numbers

JAr‘cTan [x+4/1-x* | dx

Optimal (type 3, 141leaves, ? steps):

Arc51n

-1+v3 X
g x/ ArcTan| ————— -
2

}+—WAr‘cTan[ + V3 x

V1-x2
1 ~1+2x2
-3 Ar‘cTan[ rex
4

| +xArcTan[x +/1-x% | - EAr‘cTanh[x -x2 ] - = Log[1-x?+x%]
\/? 4 8
Result (type 3, 269 leaves, 40 steps):
Ar‘cTan[%]
_,-1,\/? 1-x2
— 2 i+ 3
w+—\/—Ar‘cTan[1 2X}+ " (31—\/?)ArcTan[ X
2 e V3 12
_ i3 1-x2
]'l+\/?

I
ArcTan | s ] _1‘5\/@ N

[1_y2 1+ 3

I L(?}i-%—\/?)AI"CTEﬂ[i

3 12

| +xArcTan[x++/1-x? | —lLog[l—x2+x4]
Vi-x2 8

Problem 13: Result unnecessarily involves imaginary or complex numbers

JxAr‘cTan[x+\/1—x2 ] 5
X
V1 - %2

Optimal (type 3, 152leaves, ? steps):

ArcSin|

+f\/7Ar‘cTan[ 1+\EX}+7WAr‘cTan[ 1+3 x

V1 - x2
1 -1+2x2
=/3 ArcTan| *
4

| -+/1-x* ArcTan|x +
V3

Result (type 3, 286 leaves, 32 steps):

2

] _

1-x* | +lAr‘cTanh[x 1-x* | +1Log[1—x2+x4}
4 8

0 Independent test suites.nb | 7
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ArcTan | X ]
S I Py
s _ 2 i3
_ArcSinix] 1 \/?Ar‘cTan[l 2x ] + : = (3 i _ﬁ) ArcTan | - -
2 4 V3 2+/3 12 RV
]'1+\/?
7],,\/? X
ArcTan| = ] - iira X
2 i+ 3
1x + - (3j+\5) ArcTan[—————] -4/1-x* ArcTan[x++/1-x* | + lLog“*XZJrXA}
243 12 Vi-x2 8

Problem 42: Result valid but suboptimal antiderivative.

J Sec [x] dx
-1+Sec[x]*

Optimal (type 3, 28 leaves, ? steps):

4
ArcTanh { Cos [X] Cot[x\]/i -1+Sec[Xx] ]
2

V2
Result (type 3, 59 leaves, 5 steps):

ArcTanh|[ ——2SI0X1 ] /1 _Cos[x]*4 Sec[x]>

2Sin[x]%-Sin[x]*

A2 A/-1+Sec[x]?

Problem 45: Unable to integrate problem.

J\/—\/—1+Sec[x] ++v1+Sec[x] dx

Optimal (type 3, 337 leaves, ? steps):
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\-2+22 ( V2 —v/—1+Sec[x] ++1+Sec[x })

V2 |\ -1++/2 ArcTan] ] -
2\/ \/-1+Sec[x] ++/1+Sec[x]

2+2+2 (-2 -+/-1+Sec[x] +/1+Sec[x] .
1+v2 ArcTan| ( )] 1++/2 ArcTanh| \/ 2+2v2 \/ V-1 sec| V1 +Sec(x]

2~/ 1:secix] +/1:Sec(x] V2 -/-1ssec] +V1+Sec[ x]

} +

\/2+2V—\/ v/ -1+Sec[x] ++/1+Sec[x]
2 —A/-1+sec] +\/1+Sec[]

-1++/2 Ar‘cTanh

|| Cot[x] v/-1+Secx] /1+Sec[x]

Result (type 8, 25leaves, 0steps):

CannotIntegrate| \/ V-1+Sec[x] ++/1+Sec[x] , x|

Test results for the 284 problems in "Hearn Problems.m"

Problem 169: Unable to integrate problem.

(el—ex2 X+2 X2 (X L2 X3>
dx
(1 -eX x) 2

Optimal (type 3, 25leaves, ? steps):

(el—e)‘2 X

2
-1l+e* x

Result (type 8, 69 leaves, 3 steps):

el xs2x? el-e¥x2x? 43
CannotIntegr‘ate{—z, x| + 2CannotIntegr‘ate[72, x|
(—1+exzx> (—1+exzx)

Problem 278: Unable to integrate problem.

dx

J—8—8X—x2—3x3‘+7x4+4x5+2x6

(—1+2x2)2\/1+2x2+4x3+x4

Optimal (type 3, 94 leaves, ? steps):
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(1+2X) \/1+2X2+4X3+X4

X (2+x) (7—x+27x2+33x3)

- ArcTanh [

2 (-1+2x2)

Result (type 8, 354 leaves, 10 steps):

(2+37x2+31%3) V1+2x2i4x3 x4

9 1 13 1
fCannotIntegr‘ate[ B x] - fCannotIntegr‘ate[ B x] +
4 V1+2x2+4x3+ x4 4 (\Efzx)2\/1+2x2+4x3+x4
X 1 x?
CannotIntegrate| , x| + = CannotIntegrate| » X| -
\/14—2X2+4X3+X4 2 \/1+2X2+4X3+X4
13 1 13 1
== CannotIntegrate| , X] - = CannotIntegrate| » X -
4 (\/2 +2X)2\/1+2X2+4X3+X4 8 (1—\/2 X)\/1+2X2+4x3+x4
1 1 13 1
= (15 +4/2 ) CannotIntegrate| , X| - = CannotIntegrate| , X -
8 (1—\/2 x)\/1+2x2+4x3+x4 8 (1+\/2 x)\/1+2x2+4x3+x4
1 1 17 X
- (15 -V2 ) CannotIntegr‘ate[ B x} - fCannotIntegr‘ate[ B x}
8 (142 x) Vit2x2+4x3 % 2 (-1+2x2)2V1+2x2 <43+ X

Problem 279: Unable to integrate problem.

J (1+2y)4/1-5y-5y?
Y

1+y) (2+y)

dy

1-y-y?

Optimal (type 3, 142leaves, ? steps):

(4+3y)\/1-5y-5y2

1-3y)+/1-5y-5y2
—lAr‘cTanh[ ( ) -2y | - 1Ar‘cTanh[
4 (1-5y) J1-y-y? 2 (6+5Yy)

Result (type 8, 115leaves, 2 steps):

\J1-5y-5y?

1
— CannotIntegr‘ate[

A\/1-5y-5y?

11 J1-5y-5y2
]+2Ar'cTanh[( “7y) °Y->Y

2 4 3(7+5y)+/1-y-y?

]

1-y-y

\J1-5y-5y?

B y] +CannotIntegr‘ate[
2
yy1-y-y?

Problem 281: Unable to integrate problem.

J(mx—ﬁ\/l+4x+2x2+x4

dx

(1+y)

3
) y] - — CannotIntegr‘ate[

y]
2 2 ’

1-y-y (2+y)\J1-y-y?
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Optimal (type 4, 4030 leaves, ? steps):

§\/974ﬁ x2 -2

73\/1+4X+2X2+X4 +l (1+X) \/1+4X+2X2+X4 +
3 3

4i (—13+3\/33 )1/3\/1+4x+2x2+x4

4 223 (-J'H\/?)_zj (-13+3\/§)1/3+21/3 (]'H\/?) (-13+3\/¥)2/3+6j (_13+3\/§)1/3x

3

8 22/3
\I ~13+3+/33 +4 (—26+6x/33 )1/3

e

((—39-131\/?+9]1\/H+9\/¥+4j (3j+\/?) (-26+6\/§)1/3)
26-6-/33 + (-13+13iﬁ-9jﬁ+3@) (—26+6\/§)1/3+ (-4-41%?) (—26+6v§)2/3+6(-13+3@)x

Jivaxs2xox EllipticE[ArcSin[(\/(26—6\/33 (-13-1313 +9i V11 +3V33 ) (264633 )7

-19899 + 3445/33 + (-26+6\/§)2/3 (-2574+466\/§) . (-26+6v¥)1/3 (-19899+3445 ﬁ) . (59697-19335 @) X

/

411(11+\/?) (—26+6@)2/3+6(_13+3m> X))/ \|39+131F91m9v¥+4(31ﬁ) (—26+6\/§)

39-131\/?+91V1_-9ﬁ+4(3+1\/?) (—26+6\/§)1/3

\/(26-6\/§+(-13+13i\/—-9jm+3@) (-26+6\/§)”3+(-4-41ﬁ) (-26+6v§)2/3+6(-13+3@)x

s

420743 340 3733 ) (30447 23118 35 [-2606V3 ) y
4(20-70V3 +3i VI -3V33 )+ (34443 #3011 +3v33 ) (-26+633 |7
((4 223 (-13+333 )77 - 213 (11343433 )74 3 (-13+3\/§)1/3x)

\/((]1 (1+x))/((104—24\/§+ (71371311\E+9]1M+3v§) (—26+6\/§)1/3+4j (i+V3) (—26+6\/§)2/3)
(26-6\/§+(-13+13i\/—-91vf+3ﬁ) (-26+6\/§)1/3+(-4-4i\/?) (-26+6\/¥)2/3+6(-13+3\/¥) x)))
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\/(26—6\/¥+(—13+13]1\/?—9J’1\/H+3\/§) (—26+6x/§)1/3+(—4—411\/?) (—26+6\/§)2/3+6(—13+3\/§)x

26-6+/33 + (-13-13 i i - Y340 (i43) (264633 )7 16 (-1343/33 ) x

\/( V33 (13 131ﬁ+91x/f+3\/§)(26+6@) 2 ( d_)( d_) ” ( d_)

+

[(21/3 (13—131\/?+91V1_—3@)+4 22/3 (1“1\/?) (-13+3\/§)1/3+2e(-13+3\/¥)2/3)

52-12+/33 - 213 (—13+3\/§)4/3+4(—26+6\/§)2/3

(4 223 (143 )+ 81 (-13+3V33 )72 (-4 /3| (13*35)2/3)J

JI

8i(-13+3V33 )+ (131-13V3 +9V11 -31 33 ) (264633 )74 1 +V3)) (—26+6\/§)2/3)x)]

~13+3+/33 +4 (—26+6\/33 )1/3

8 (713+3\/§)+(7431713ﬁ+9m+51\/§) (—26+6\/§)1/3+(21+4\5—2j\/¥) (—26+6\/§)2/3+

Jivaxs2xox EllipticF[ArcSin[NSZ-lsz 212 (-1343v33 )" v a (2646433 )77

\/(26—6\/§+ (713—131'1\E+91'1\/H+3\/§) (—26+6\/§)1/3+4j (jﬂ/?) (—26+6\/§)2/3+6 (713+3\/§) x

/

21/6ﬁ(_13+3\/¥)2/3\/39+131‘1ﬁ—91’1\/ﬁ—9\/§+4(B—iﬁ) (-26+633 )" V1iex|],

4(208-7v3 +3/11 -3iV33 )+ (31+3 +3V/11 +3i+/33 (726+6\/§)1/3
,56\E+24\/H+2<\/?+3\/H) (*26+6\/§)1/3

1/

(3 22/3  33/4 (—13+3\/33)1/3\/39+1311\/?—911\/11 _9+/33 +4(3-1ﬁ) (-26+e‘m/33)1/3 J1+x

(4 22/3 (-J'H\/?)-zjl(-13+3\/¥)1/3+21/3 (1'1+\/?) (_13+3\/§)2/3+6j(-13+3\/¥)1/3x
\/(2676x/§+ (713713]1\/?+9j1\/ﬁ+3\/§) (—26+6\/§)1/3+4j (]'H\E) (—26+6\/§)2/3+6(—13+3\/§)x

J((s (-13+3V/33 ) - (5-31 3 +3i V1l +/33) (-26+6@)2/3+ (-26+6@)”3 (-41+154+3 -3i V11 +7v33 )+
(104—24V¥+ (-13-134 /3 +9i V11 +3+33) (—26+6\/§)1/3+4j (i+V3) (—26+6\/§)2/3) x)/
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+

((7397131\E+9jM+9v§+4j (3]1+\E) (—26+6\/§)1/3) (1+x)

(4 22342 (-13+3+33 )7 - 223 (713+3\/§)2/3) (4 223 (1443 ) -4 (-13+3V33 )74 223 (-0 43| (—13+3\/§)2/3)

o0 hoE) ca [ E ] e (] s )
Jl[m3005 ssam s s (303 (265

(194724ﬁ+ (-13+13i V3 -9i /11 +3V33 ) (264633 |74 (-4 413 (—26+6\/§)2/3)] 14x
J((M—zwﬁu(1+14w_—611m+@) (-26+6+33 )7+ (-7-13 -31 V11 +V/33 ) (-26+6+33 )+

2 (-52+12V§+21/3 (—13+3\/§)4/3—4(—26+6\/§)2/3) x)/
((-39+131V?-91M+9@-41 (-3i+V3) (—26+6\/§)1/3) (1+x)

\/((104—24\/§+2(1—141’1\/?+6]’1\/H+\/§) (-26+6\/¥)”3+(-7+j\/?+3]1\/?+\/¥) (_26+6\/¥)2/3+

2 (-52+12d§+21/3 (-13+3\/§)4/3-4(-26+6\/§)2/3) x)/
((7397131\E+9jM+9v§+4j (3]1+\E) (—26+6\/§)1/3) (1+x)

\/1+4X+2X2+X4

91/3 (4 91/3 (_3j+\/?)+(3j+\/?) (—13+3\/§)2/3)
4227 (<13 ) -8 (-13+3733 )74 213 (1443 (—13+3\/§)2/3)

EllipticPi|

ArcSin|

J13-3@-2l/3 (-13+3V§)4/3+4(-26+6v§)2/3+ (-39+9@) x

/

[2”W?(—13+3v¥)2/3\/((—39+131ﬁ—91m+9@—41 (35433 (-26+6v33)"7) /

(1@4724V§+ (—13+13]1\/?—91’1\/H+3\/§) (—26+6\/§)1/3+ (747411\/?) (—26+6\/§)2/3))x/1+x B

1/

4(21-71ﬁ+31ﬁ-3@)+(3+jﬁ+3jm+3ﬁ) (—26+6\/§)1/3
4(21+7i\/?-3jm/ﬁ-3\/¥)+(3-1ﬁ-3jm+3\/§) (—26+6\/§)1/3




14 | 0 Independent test suites.nb

{21/6ﬁ(4 22/3 (11+\/?)+2i(-13+3@)”3+21/3 (-J'Hﬁ) (—13+3\/§)2/3—61(—13+3\/§)1/3x

(4 23 (-i+v3 ) -24 (-13+3V33 ) 74222 (143 ) (-13+3V33 ) v 6 (—13+3V§)”3x)

\/133@21/3 (—13+3\/§)4/3+4(—26+6\/§)2/3+ (739+9\/§) x

Result (type 8, 47 leaves, 1 step):
1\/9—4\/7 X2 —\/7CannotIntegr‘ate[\/l+4x+2x2 +x*, x|
2

Problem 284: Unable to integrate problem.

J3+3x4x24x37x5+4x7+10x8+7x13 s
X

1+2Xx-X2-4x3-2x*-2x7-2x8+x¥
Optimal (type 3, 71leaves, ? steps):
T (1442) Log[1+x+ 2 x+ V2 3 x] - (1432 ) Log[-1+ (14 V2 ) x5 /2 2 +x])

2

Result (type 8, 248 leaves, 5 steps):

1 X
, X| +4 CannotIntegrate|
1+2x-X2-4x3-2x*-2x7-2x8+x1

XZ

2 CannotIntegrate| x| +

El
1+2x-x2-4x3-2x%-2x7-2x8+x14
X7

2 CannotIntegrate| , x| +12 CannotIntegrate| » X| +
14+2x-x2-4x3-2x*-2x7-2x8+x14 1+2x-Xx2-4x3-2x*-2x7-2x8+x1
X8

10 CannotIntegr‘ate[

1
» X+ —Log[1+2x-x2-4x3-2x* - 2x7 -2 X8 + x1]
1+2x-x2-4x3-2x*-2x7-2x8+x¥ 2

Test results for the 7 problems in "Hebisch Problems.m"

Problem 2: Unable to integrate problem.

eid (2-x2)
—— 1 ax
2x+x3

Optimal (type 4, 10leaves, ? steps):
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ExpIntegralki|

]

Result (type 8, 76 leaves, 5 steps):

X X X

@ 2+x2

2+ x2

@ 2+x2 @ 2+x2

» X] + CannotIntegrate| » X] - CannotIntegrate|

CannotIntegrate|
iv2 - x X iv2 +x

» X]

Problem 3: Unable to integrate problem.

J\eﬁ (2+2x+3x2—x3+2x4)
dx

2x+ %3

Optimal (type 4, 28 leaves, ? steps):

erd (2 +x?) + ExpIntegralki |
2 + x2

Result (type 8, 131 leaves, 5steps):

X

@ 2+x2
71
1 \/? - X
X X

ez X @2t
R x] + 2CannotIntegr‘ate[ez+x2 X, x} - (1— i \/?) CannotIntegr‘ate[

7}
j\E+X

7CannotIntegr'ate[e§, x| + (1 i \/7) CannotIntegrate| x| +

CannotIntegr‘ate[ x}

X

Problem 5: Unable to integrate problem.

<e—117 (1-3x-x2+x3)
dx
1-x-x2+x3
Optimal (type 3, 13leaves, ? steps):

1
-1 (1+X)

Result (type 8, 75leaves, 6 steps):

1 1 1
@ 12 @ -1+x2 1 @ -1

o 1
CannotIntegrate|e1x, x| + — CannotIntegrate | , X] - CannotIntegrate| ————, x| + — CannotIntegrate| , X
2 1-x <,1 . x) 2 2 1+x
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Problem 7: Unable to integrate problem.

Je“ﬁ <71+ (1+X) Log[x]z)

Log[x]?

dx

Optimal (type 3, 10leaves, ? steps):

X+ E
@ Logix] X

Result (type 8, 40 leaves, 2 steps):

1

1
CannotIntegrate e wsx, x| + CannotIntegrate e wex X, x| - CannotIntegrate |

Test results for the 9 problems in "Jeffrey Problems.m"

Problem 2: Result valid but suboptimal antiderivative.

J 1+Cos[x] +2Sin[x] dx
3+ Cos[x]?+2Sin[x] -2 Cos[x] Sin[x]

Optimal (type 3, 19leaves, ? steps):
2 Cos[x] -Sin[x] }
2 +Sin[x]

-ArcTan [

Result (type 3, 38leaves, 43 steps):
2Cos[x]—Sin[x]} Cot[i]—
2 +Sin[x] 2 1-Cos[Xx]

Sin[x]
—Ar‘cTan[

Problem 3: Result valid but suboptimal antiderivative.

J 2+ Cos[x] +5Sin[x] dx
4Cos[x] -2Sin[x] + Cos[x] Sin[x] -2Sin[x]?

Optimal (type 3, 19leaves, ? steps):
-Log[1l-3Cos[x] +Sin[x]] +Log[3+Cos[x] +Sin[x]]

Result (type 3, 42leaves, 25 steps):

X+ —
@ log(x]

Log[x]?

> X]



—Log[l—ZTan[gH —Log[1+Tan[§]] +Log[2+Tan[§] +Tan|

Problem 4: Result valid but suboptimal antiderivat
J 3+7Cos[x] +2Sin[x]
1+4Cos[x] +3Cos[x]%2-5Sin[x] - Cos[x] Sin[x]

dx

Optimal (type 3, 19leaves, ? steps):
-Log[1l+Cos[x] -2Sin[x]] +Log[3 +Cos[x] +Sin[x]]

Result (type 3, 31leaves, 32 steps):

X X X2
~Log[1-2Tan|[=]]| +Log[2+Tan[ =] + Tan[ =
og[1-2Tan[ "] +Log[2 - Tan[ *]  Tan| >’}

Problem 5: Unable to integrate problem.

=17

2

ive.

J -1+4Cos[x] +5Cos[x]? dx

-1-4Cos[x] -3Cos[x]%+4Cos[x]?3

Optimal (type 3, 43 leaves, ? steps):

x—2Ar‘cTan[ Sin[x] ] B 2Ar‘cTan{3Sln[x] +7Cos[x] Sin[x]
3+ Cos[x] 1+2Cos[x] +5Cos[x]?

Result (type 8, 79 leaves, 2 steps):

CannotIntegrate | ! » X+

1+4Cos[x] +3Cos[x]%2-4Cos[x]3
Cos [X]

-1-4Cos[x] -3Cos[x]%+4Cos[x]3

4 CannotIntegrate|

Problem 6: Unable to integrate problem.

J -5+2Cos[x] +7Cos[x]?
-1+2Cos[x] -9Cos[x]?+4Cos[x]?3

dx

Optimal (type 3, 25leaves, ? steps):

2 Cos[x] Sin[x]
X - 2 ArcTan |

1-Cos[x] +2Cos[x]?

Result (type 8, 81 leaves, 2steps):

, X| +5 CannotIntegrate|

Cos[x]?

-1-4Cos[x] -3Cos[x]%+4Cos[x]?3

0 Independent test suites.nb | 17

» X]
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1

-5 CannotIntegrate| , x|+

-1+2Cos[x] -9Cos[x]2+4Cos[x]3
Cos [x]

Cos [x]?
2 CannotIntegrate| » X] + 7 CannotIntegrate|

X
-1+2Cos[x] -9Cos[x]2+4Cos[x]3 -1+2Cos[x] —9Cos[x]2+4Cos[x]3’ ]

Test results for the 113 problems in "Moses Problems.m"
Test results for the 376 problems in "Stewart Problems.m"
Test results for the 705 problems in "Timofeev Problems.m"

Problem 69: Result optimal but 1 more steps used.

ArcSin[*] 32

a

aZ - x2

dx

Optimal (type 3, 42leaves, 1step):

2a [1- ;‘—i Ar‘cSin[i]S/2
5+/a? - x2
Result (type 3, 42 leaves, 2 steps):

2a [1-% Ar‘cSin[i]S/2
a? a

5+ a? - x2

Problem 222: Result valid but suboptimal antiderivative.

dx

VI-x x (1+x)%73
J_(l_x)s/a

(1+X)1/3+ (1—X)2/3 1+Xx

Optimal (type 3, 292 leaves, ? steps):
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S 13k (1x)2 (1ex) P VT X xVTex - (1%) (3ex) s
12 4 4
1 1/3 2/3 1 1/6 5/6 1 5/6 1/6
— (1- 1 1+3 — (1- 1 2+3 -— (1- 1 10+3
5 (X)) (2T (23] o (1) TR (1) PR (243 %) - (1) (LX) T (1043 %) +
1-x)13-2 (14x)Y2 3 (1-x)Y/6 (1:x)Y/6
1 - 1+ X>1/6} ) 4 ArcTan| ey ] s rctan (1-x)27 (1+x] 1/3] ) ArcTanh | PETAIY
6 (1-x)"° 343 6 (1-x)Y8 (1+x)Y/° 63

Result (type 3, 522 leaves, 46 steps):

2
§+X_7l <17X>5/s (1+X)1/6+1 (17)()2/3 (1+x)1/3—l (17)()5/3 (1+x)1/3+l (17)()1/3 (1+x>2/3—1 (17x>4/3 <1+x)2/3+

2 4 12 6 4 3 4
. 1_x)1/6
S L) (1) (1) (1) L (1] 50 (10x) 70 B 1 ATESINIXL 2 (X
12 4 4 4 4 3 (1 +X>1/6
ZAPCTan[L—Aﬂ%} 2 (1. x)1/6 2 (1. x)1/6 2Ar‘cTan[i—Aﬂ%}
V3 V3 (Y . EAchan[\/?_ ( X) ] B EAr‘cTan[\/?+ ( X) ] B V3 V3 1Y _ l Log[1l-x] +
3 3 PR 1ex) " 53 9
(1-x)Y/3 3 (1-x)Y/6 (1-x) /3 3 (1-x)Y/6
1 o 1 1 —x>1/3 Log[l + T e ] Log[l + PRy + s ] 1 (1+x)1/3
gl1l+x] +—Log[1+ 1/3}— + - Log[1+71/3]
9 3 (1+x) 123 12+/3 3 (1-x)
Problem 226: Result valid but suboptimal antiderivative.
J 1
dx
(¢¢+XV(1+@)”3
Optimal (type 3, 67 leaves, ? steps):
14+ 2 ;1+X — L 5 L
V3 ArcTan| (207 @) ] - = Log[1+x] - = Log[1- o ]
V3 2 2 ((-21+%)% (1+x))"7

Result (type 3, 188 leaves, 3 steps):

wx) Y
(3-3x)%7 (1+x)1/3ArcTan[éfﬁ;—jﬁ} (3-3%)%7 (1+x)23 Log[—§ (-1+x)] 3V (3-3x)%7 (1+x)* Log[1+

31/6 (1—x—x2+x3’)1/3 2323 (1—x—x2+x3)1/3 2(1—x—x2+x3)1/3

313 (1.x)Y/3 }
(3-3x)1/3
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Problem 228: Result valid but suboptimal antiderivative.

J“H_1+@2(1+@)/ »

x2

Optimal (type 3, 150leaves, ? steps):

1- 2 (-1+x)

14 2 14+x 1/3 Ar‘cTan[ f71+x‘2f1¢x)\1/3j| 1+42(ﬂ);/
B (( ) ( )) _ \E —\/?AI‘CTanI: ((*1+X)2 (1+X))13 ] N
X V3 V3
L 2 3 -1 1 -1
L[x]—fLog[1+x]—fLog[1— X 1/3]—7Log[1+ X 1/3]
6 3 2 ((~1+%)% (1+x)) 2 ((~1+%)% (1+x))
Result (type 3, 404 leaves, 6 steps):
_ 1/3
) (1-x-x24x3)" ) 3 31/6 (1_x—x2+xs)1/3ArcTan[§— ﬁ)w_@] )
X (3—3x)2/3 (1+x)1/3
_ 1/3
31/6 (1—x—x2+x3)1/3Ar‘cTan[§+ﬁ)ﬁ] ) (1—x—x2+x3)1/3 Log [x] ) 32/3 (17X7X2+x3)1/3 Log[ﬂ%L] )
(3-3x)%7 (1+x)*? 2313 (3-3x%)%7 (14x)? 2 (3-3x)%7 (1+x)*3

3. 32/3 (1—x—x2+x3)1/3 |_0g[:|_Jr ;(ﬁ)%] 32/3 (1—X—X2+x3)1/3 Log[(i)ZB <3—3x)1/3— 2%/3 3(1;;()1/3]

2(3—3x)2/3 (1+x)1/3 ) 2(3—3x)2/3 (1+x)1/3

Problem 232: Result valid but suboptimal antiderivative.

J ! dx
(9+3x—5x2+x3)1/3

Optimal (type 3, 75leaves, ? steps):
14+ 2 (-3+X
V3 ArcTan| (9+2 x5 x4 ) }—lLog[1+x]—iLog[1—

-3+X ]
3 2 2 (9+3x—5x2+x3)1/3

Result (type 3, 188 leaves, 3 steps):
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)Y/ /3 (1+x) Y
) (9-3x)%7 <1+x)1/3ArcTan[%—ﬁﬁ%} (9-3x)3 (1+x)"? Log[f% (-3+x)] 312 (9-3x)%7 (1+x)° Log[l+%§%}

316 (94+3x-5x2+x3)? 2323 (9+3x-5x2+x%)"? 2 (9+3x-5x2+x3)13
Problem 288: Result valid but suboptimal antiderivative.

1
— dx
JX +V1+x+x2
Optimal (type 3, 45leaves, ? steps):

X+ 1+ x+x? —iArcSinh[1+2X] +2Log[x+~/1+x+x? ]
2

V3

Result (type 3, 59 leaves, 3 steps):

3 +2Log[x+x/1+x+x2]—zLog[1+2
2

2 (1+2 (X+\/1+X+X2 ))

X+\/1+X+X2

]

Problem 306: Result valid but suboptimal antiderivative.
J]x(l_XQ)”3dx

Optimal (type 3, 93 leaves, 6 steps):
Ar‘cTan[*(—(—U—zx’ x (1-x2)) "2 ]

Zx (x (1-x7))%7 3 b d))P7 | Loglx] 1 Log[x+ (x (1-x%))"?]
2 243 12
Result (type 3, 200 leaves, 12 steps):

2/3 71“:33 2/3 (1 _ y2)2/3 NI < 23 (1 v212/3 s
lx <X7X3)1/37 x2/3 (1-x?) ArcTan[A\—Eb} ) x?3 (1-x2)%7 Log[1+ (1x2) (17)(2)1/3] ) x?3 (1-x2)%7 Log[1 + (17)(2)1/3}
2 2+/3 (X7X3>2/3 12 (x—x3)2/3 6 (x—x3)2/3

Problem 314: Result valid but suboptimal antiderivative.

J(—1+x3) 1(2+x3)1/3 >

Optimal (type 3, 78leaves, 1 step):
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2 31/3 4

1+ 3
APCTan[Am—XL} Log[71+x3] Log[31/3x— (2+x3>1/3]

35/6 6 31/3 i 2 31/3

Result (type 3, 107 leaves, 7 steps):

/3 32/3 x2 31/3X
ArcTan| -+ — 2% Log[1- —3£x_ Log[1 + +

[ V3 3Ye (203)Y3 } el (24x3) Y3 ) d (2033)%3  (243)Y2 ]
- +

35/6 3 31/3 - 6 31/3

Problem 319: Result valid but suboptimal antiderivative.
1
dx
J(3x+3x2+x3) <3+3x+3x2+x3>1/3

Optimal (type 3, 90leaves, 3 steps):

14 2 313 (14x)

ArcTan[—m%]i] Log 1 - (1+x)3] Log|[3%/3 (1+x) - (2+ (1+x)3)1/3}
_ +

35/6 6 31/3 2 31/3

Result (type 3, 123 leaves, 9steps):

(1+x) .
Ar'cTan[ 1, 2 (1+x ] Log[l _ ﬂﬂ)_] Log[l L3l 32 ey ]

3 31/ (2+(1+X)3)1/3 (2+(1+X)3)1/3 (2+(1+X)3)2/3 (2+(1+X)3)1/3
- +

35/6 3 31/3 h 6 31/3

Problem 401: Result valid but suboptimal antiderivative.

J Tan [x] dx
(-1 VTanix] )

Optimal (type 3, 84 leaves, ? steps):

ArcTan[ —+TXL—]  ApcTanh [ —T2nix—

N 1
X VZ JTenix + V2 JTen ) + = Log[Cos[x]] +Log[1-~/Tan[x] | +

2 V2 V2 2
Result (type 3, 133 leaves, 19 steps):

1

1-+/Tan[x]
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x ArcTan[1-+/2 /Tan[x] | ArcTan[1++/2 +/Tan[x] | 1

T2 N + — Log[Cos[Xx]] +
? V2. V2 2
L 1-v2 VT +T L 1+v2 VT T
Log[1-~/Tan[x] | - og[1-+/2 +/Tan[x] +Tan[x]] . og[1++/2 v/Tan[x] +Tan[x]] . 1
22 22 1 ~Tanix]

Problem 416: Result valid but suboptimal antiderivative.
Cos[2x] -VSin[2X]

\/Cos 3s5in]

dx

Optimal (type 3, 108 leaves, ? steps):

2 Log[Cos[x] +Sin[x] -2 Sec([x \/Cos 3sin(x] | -
ArcSin[Cos[x] -Sin[x]] Cos[x] v/ Sin[2 X] Ar‘cTanh [Sin[x]] Cos[x] V/Sin[2 X] Sin[2X]
\/Cos 3Sin[x] \/Cos 35in[x] \/Cos 3sin[x]

Result (type 3, 234 leaves, 27 steps):

-2Sec| \/Cos 3sin[x] -+/2 ArcSinh[Tan[x]] Cot[X] (sec[x )3/2 v/ Cos[x] Sin| \/Cos 36in[x] -
\/?Ar‘cTan[ -2 /Tan[x | sect \/Cos 13Sin[x] ﬁAr‘cTan[ ++/2 V/Tan| | sect \/Cos 13Sin[x
+

\/Tan[x] \/Tan[x]
Log[1-+/2 v/Tan[x] +Tan[x]] Sec| \/Cos 3Ssin[x]  Log[1++/2 +/Tan[x] +Tan[x]] Sec| \/Cos 35in[x]
+
\/7\/Tan[x} \/7\/Tan[x]

Problem 447: Result valid but suboptimal antiderivative.

JSGC[X]Z (-Cos[2x] +2Tan[x]?) 5
X

(Tan[x] Tan[2x])>?

Optimal (type 3, 100leaves, ? steps):

11 ArcTanh | — 2 Tanix]

Tan [x] Tan[2 x] Tan[x] 2Tan[x]3 3 Tan[x]
} - + + +

\/Tan[x] Tan[2 X] a2 2 (Tan[x] Tan[2x])*? 3 (Tan[x] Tan[2x])>? 4+/Tan[x] Tan[2x]

Tan[x]
2Ar‘cTanh[

Result (type 3, 208 leaves, 21 steps):
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3 Tan[x] Cot[x] (1-Tan[x]2?) Tan[x] (1-Tan[x]?) 11 ArcTan[+/-1+Tan[x]2? | Tan[x ] Nes

2 ArcTan [ [ 2Tm0a®

| Tan[x]

+ +

4\/7 _Tan[x]? 4\/7 _Tan[x]? 3\/7 _Tan[x]? 4\5 _Tan[x]? /71 Tan[ IT:n)[(?Z ’71+Tan[x]2
x] ~Tan[x

1-Tan[x]? 1-Tan[x]? 1-Tan[x]? 1-Tan([

Problem 455: Result valid but suboptimal antiderivative.

dx

Jsin[x]GTan[x}

Cos[2x]3/4

Optimal (type 3, 102 leaves, ? steps):

1-+/Cos[2x] 1++/Cos[2X]
ArcTan [ 77 cosi2x] Ve } ArcTanh [ 77 cos2x] Ve ] 7 1 1
- +—Cos[2x]Y%- =Cos[2x]°/*+ — Cos[2x]%*
V2 V2 4 5 36

Result (type 3, 154 leaves, 14 steps):
Ar‘cTan[l—\/?COS[Z X]1/4] ) Ar‘cTan[1+\/?Cos[2 X]1/4] . _COS[ZXJI/A_ lcos[zx]5/4+
V2 V2 4 5
1. 2x]% Log[1-+/2 Cos[2x]¥*++/Cos[2x] | Log[1++/2 Cos[2x]%4++/Cos[2x] |
— (Cos X + _
36 e e

Problem 567: Result valid but suboptimal antiderivative.
Jx/z x2 Cos [x]3 dx

Optimal (type 3, 187 leaves, ? steps):

132 18 48 2 428 e*/? Cos [3 x 70 /2 x Cos [3 X
- = eM2Cos[x] + — e¥?xCos[x] + — e*?x?Cos[x] + — e*/?x?Cos [x]> - [ ]+ (Bx]
125 25 185 37 50653 1369
24 24 96 12 792 e*/2Sin[3 x 24 e*/2 x Sin[3 x
— e¥2sin[x] - — e¥2xSin[x] + — €2 x?Sin[x] + — €*?2 x? Cos [x]2Sin[x] - Bx] [3x]
125 25 185 37 50653 1369

Result (type 3, 253 leaves, 31 steps):
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6687696 e*/2 Cos[x] 24792e*?xCos[x] 48 , , 16 e*’?2 Cos[x]® 8e*?xCos[x]3
- + + e % x* Cos[x] + - +
6331625 34225 185 50653 1369

2 432 e*? Cos[3 x 72 e/?2 x Cos[3 x 1218672 e*/2Sin[x 32556 /2 x Sin[x 96

— e¥2x%Cos[x]3- [3 x] + [Bx] € [x] € [x] + — e2x%sin[x] +
37 50653 1369 6331625 34225 185

96 e*/2 Cos [x]*Sin[x] 48e?xCos[x]*Sin[x] 12 ., , 5 s 816 €¥/2S5in[3x] 12e*2xSin[3x]

- + — e*“x*Cos[x]*Sin[x] - -
50653 1369 37 50653 1369

Problem 614: Result valid but suboptimal antiderivative.
J(1+x4) (1-2Log[x] +Log[x]?) dx

Optimal (type 3, 60 leaves, 13 steps):

169 x° 44 , 3 5 ; 1 3
+4xLog[x] - — x?Log[x] -3 xLog[x]“ - —x’Log[x]°+xLog[x]°+ — X’ Log[X]
625 125 25 5

-3x+

Result (type 3, 73 leaves, 13 steps):

169 x°
+6xLog[x] +
625 125

-3 X+

x° Log[x] -

Ul N

3 1
(5x+x°) Log[x] -3 xLog[x]?- — x> Log[x]*+x Log[x]?+ = x> Log[x]?
25 5

Problem 695: Result valid but suboptimal antiderivative.

—a+X
jAr‘cSin[ } dx

a+X

Optimal (type 3, 55leaves, ? steps):
V2 a |2

a+X

+ (a+X) Ar‘cSin[

a+X

Result (type 3, 118 leaves, 8steps):

a |2 Ar‘cTanh[ o }
a+X
32 _2

a a-X a-x ax
\E\/ (a+Xx) +xAr‘cSin[ - ]—

a+X a+X a+X

a+Xx
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Test results for the 116 problems in "Welz Problems.m"

Problem 9: Result valid but suboptimal antiderivative.

1

Jm(vmm)z

dx

Optimal (type 3, 220 leaves, ? steps):

2-4x 1 \o24245 AV o1ex2
+ = /-110+50/5 ArcTan| \/2+2 V5 x| —x/_110+59\/? ArcTan | 25 -

5 (Vx +Vo1ex ) 25 (v
: 2+2 1+ x2

—\/ 110 + 50 /5 Ar‘cTanh \/T\/_ 119+59\/_ ArcTanh ﬁﬁ}

25 )

Result (type 3, 365 leaves, 18 steps):

2(1_2X>W,2<1_2X> -1+% 1\/3( 11 + 5\/7 ArcTan | ArcTan | _\/—> | -
5 (1+x-x2) 5 (1+x-x?) 515 14+4/5 1+r 1+r) —

2-(1-€)x

vl |

5\/ (2+5\/—) Ar‘cTan[ ] :\/
2(—1+V?) NEE

1 1 N )
) Ar‘cTanh 2 +5 \/—) Ar‘cTanh
1+ /
\/—1+X2 AV -1+ x2

Problem 10: Result valid but suboptimal antiderivative.
J (Vx -1 )
(1+x—x2)2m

ulN

(12+5+/5 | ArcTanh| X ] +

1+\E

dx

Optimal (type 3, 220 leaves, ? steps):
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2-4x 1 J-2+245 Vo1e R
+ = +/-118+50+/5 ArcTan| \/2+2 Vx| —\/—119+5eﬁ ArcTan| =5 Vs -

5 (Vx +V-1ax? | 25 2-(1-V5 ) x
1 V2425 14 x2
—1/110+50+/5 ArcTanh| \/—2 25 x| - \/110 50/5 ArcTanh| ]

25

\Fx

Result (type 3, 541 leaves, 25 steps):
2 (1-2x)Vx  (1-2x)V-1+x2 (3-x) V14X (24x)V/-1+%

+ +

5 (1+x-x2) 5 (1+x-x2) 5 (1+x-x%) 5 (1+x-x2)

1

5

i\/ ( 2+ S\ﬁ) Ar‘cTan[ 2_(1_ i 2 S\ﬁ Ar‘cTan 2_ 1—\/—> ],
( 1+\/— \/7 \/—) V-1+x2

( 11+5\ﬁ) ArcTan[ 2 \/;]1\/1(11+5\/?) Ar‘cTan[ 2_(1_\/?))( }7
~1++/5 5 10
2(—1+\/?) V-1+x2

vl N

vl |

1+x?

1 3(11+5\/?) Ar‘cTanh[ 2 \/Y]— \/ ( 2+5\/—) Ar‘cTanh[ 2_(1+£)X _
5 > 1++/5 >
/2(1+\/?) Vo142

v | =

2—(1+\/?)x 2-(1+€)x

]+1\/1(11+5\/?> ArcTanh [
5 10

1]t (2+5\/?> ArcTanh |
5

° /2(1+\E) -1+ x2 /2(1+\E) V14 X2

Problem 29: Result valid but suboptimal antiderivative.
JXE' Log[2+x]3Log[3 +x] dx

Optimal (type 4, 606 leaves, 359 steps):
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302177 x  8029x%> 763x3 3x* 377 , 71 3 . 2069 187 83
- + - + + (2+4x)%-— (2+x)7+ (2+x)%+ Log[2+X] - — x?Log[2+x] + — x> Log[2 +X] -
1152 2304 3456 256 64 216 256 144 64 288
3, 6733 377 , 71 5 3 4
— x*Log[2+x] + (2+x) Log[2+x] - —— (2+x)*Log[2+x] + — (2+x)*Log[2+x] - — (2+x)* Log[2+X] -
128 32 32 72 64
43 17 3 1251 273 3
—Log[2+x]?- ——x’Log[2+x]%+ —x*Log[2+Xx]?- —— (2+x) Log[2+x]?+ (2+x)%Log[2+x]%- = (2+x)’ Log[2+x]%+
12 48 64 16 32 4
3 4 2, 65 ; 33 2 3 3 3 s 1 a 3
(2+x)*Log[2+x]?+ (2+x) Log[2+x]>- (2+x)*Log[2+x]?+ = (2+x)*Log[2+x]> - (2+x)*Log[2+x]?+
64 4 8 4 16
3891 115 37 3, 415 4083
——Llog[3+x] - ——x*Log[3+x] + —— x*Log[3+x] - —— x*Log[3+x] + — (3+x) Log[3+x] - —— Log[2+x] Log[3+X] -
128 48 144 128 12 32

13 7 3 963
25x Log[2+x] Log[3+x] + — x?>Log[2+x] Log[3+x] - — x>Log[2+x] Log[3+x] + —x*Log[2+x] Log[3+x] + — Log[2+x]?Log[3+Xx] +
4 12 32 16

2 3 2 2 1 3 2 3 4 2
6xLog[2+x]“Log[3+x] -—x“Log[2+x]“Log[3+x]+—x’Log[2+x]“Log[3+X]-—Xx"Log[2+x]“Log[3+X] -
2 2 16

81 1 5609 563
— Log[2+x]3Log[3+x] +—x*Log[2+x]3Log[3+x] - ——Polylog[2, -2-x] + — Log[2+x] PolyLog[2, -2 -X] -
4 4 96 8

195 ) 563 195 195
—— Log[2 +x]“PolyLog[2, -2-x] - — Polylog[3, -2-x] + — Log[2+ x] PolyLog[3, -2 -x] - — PolylLog[4, -2 - X]
4 8 2 2

Result (type 4, 679 leaves, 359 steps):

302177 x 8029x2 763x3> 3x* 377 , 71 3 4 2069 187
- + - + +7(2+X) —7(2+X) + (2+X) + Log[2+Xx] - — x“Log[2+X] +
1152 2304 3456 256 64 216 256 144 64
83 3, 6365 273 ) 1 3
— x3Log[2+x] - — x*Log[2+X] + (2+x) Log[2+x] - — (2+x)*Log[2+x] + — (2+x])° Log[2+X] -
288 128 32 32 2
3
—— (2+x)*Log[2+x] + (384 (2+x) -144 (2+x)2+32 (2+x)3—3<2+x)4—192Log[2+x]) Log[2 + x] +
128 128
17 43 17 3 1251
f(36 (2+x)—9(2+x)2+(2+x)3—24Log[2+x])Log[2+x}+fLog[2+x]2—fx3Log[2+x}2+fx4Log[2+x]2—7<2+x> Log[2+x]2%+
72 12 48 64 16
273 3 3 65 33 3
—= (2+x)*Log[2+x]%- = (2+x)?Log[2+x]%+ — (2+x)*Log[2+x]?+ — (2+X) Log[2+x]® - = (2+x)*Log[2+x]®+ = (2+x)?Log[2+X]?-
32 4 64 4 8 4
1 . , 3891 115 37 3, 415
— (2+x)* Log[2+x]? + Log[3+Xx] - — x?Log[3+X] + x> Log[3+x] - ——x*Log[3+x] + — (3+Xx) Log[3+X] -
16 128 48 144 128 12
4083 13 7 3 .,
—— Log[2+Xx] Log[3+Xx] -25xLog[2+x] Log[3+Xx] + —x°Log[2+X] Log[3+X] -—x’Log[2+X] Log[3+Xx]+ —x"Log[2+Xx] Log[3+X]+
32 4 12 32
963

3 1 3
—— Log[2+x]%Log[3+x] +6xLog[2+x]2Log[3+x] -—x?Log[2+x]2Log[3+x]+—x>Log[2+x]2Log[3+x]-—x*Log[2+x]%2Log[3+X] -
16 2 2 16

81 1 5609 563
— Log[2+x]3Log[3+x] +—x*Log[2+x]3Log[3+Xx] - ——Polylog[2, -2-x] + — Log[2+x] PolyLog[2, -2 -X] -
4 4 96 8

195 ) 563 195 195
— Log[2 + x]“PolyLog[2, -2-x] - — Polylog[3, -2-x] + — Log[2+ x] PolyLog[3, -2 -x] - — PolylLog[4, -2 - X]
4 8 2 2
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Problem 39: Result valid but suboptimal antiderivative.

J 1 dx
X (2—3x+x2)1/3

Optimal (type 3, 110leaves, ? steps):

3 ArcTan| L, — 22 @x
V3 5 " 5 s Logr2-x] Logix] 3log[2-x- 227 (2-3x+x2) 7]
_ - +

2 21/3 4 21/3 2 21/3 4 21/3

Result (type 3, 176 leaves, 2 steps):

V3 [-20%) 2 (c1ex) P AncTan[ L L ZECENE] 5 (g )1 (L1 k) Log |- LI 913 (14 x) 2]

3 V3 ((1ax)Y3 /3 (-2+x)* (14 %) Log[x]
_ N _

2. 213 (273x+x2)1/3 4 . 21/3 (273x+x2)1/3 2. 213 (273x+x2)1/3

Problem 40: Result valid but suboptimal antiderivative.

J ! dx
(-5+7x-3x2+x3)"?

Optimal (type 3, 81 leaves, ? steps):
2 (-1+x)

1\EAF‘CTHH[ L, }+1Log[1—x]—ELog[l—XJr(—5+7x—3x2+x3)1/3]
2 A3 \E(—S+7x—3x2+x3)1/3 4 4

Result (type 3, 131 leaves, 5steps):

1.2 (-1x)22

V3 (4+ (‘1”‘)2)1/3 (‘1+X)1/3A”CT3“[4M§&£} 3 (4+ (—1+x)2)1/3 (-1+x)Y Log |- (4+ (—1+x)2)1/3+ (-1+x)2?]

_ 4(4(—1+x)+(—1+x>3)1/3

2 (4 (-1+x) + (—1+x)3)1/3

Problem 41: Result valid but suboptimal antiderivative.

1
T

Optimal (type 3, 66 leaves, ? steps):

l\/?Ar‘cTan[ L. 2x . Loelx] —iLog[—x+ (x (-q+x2))'?]
2

V33 (x (~qex2))V 4 4
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Result (type 3, 117 leaves, 5steps):

2 x2/3
1+

V3 X3 (_q+x2)1/3Ar-cTan[—‘7§)i] 3x13 (-q+x2)12 Log[x?¥3 - (~q+x2)1?]

2 (—qx+x3)1/3

4 (—qx+x3>1/3

Problem 42: Result valid but suboptimal antiderivative.

dx

1
J((—1+x> (q—2x+x2))1/3
Optimal (type 3, 79leaves, ? steps):

2 (-1+x)

L /3 arcran| - |« 2 logi1-x] - 2 Log[1-x+ ((-1+x) (a-2x+x))*7]
2 A3 \/?((—1+x) (q—2x+x2))1/3 4 4

Result (type 3, 145leaves, 5steps):

1s_ 201 i

V3 (—1+q+ (—1+x)2)1/3 (-1+x)'? Ar‘cTan[%J—)—"l*q*(’”z1/3]

NS 3(—1+q+(—1+x>2)1/3 <71+X)1/3L0g[7

-1+q+ (—1+X>2)1/3+ (—1+X>2/3]

2(-(1-a) (-1+x)+ (—1+x)3)1/3 4(-(1-q) (-1+x) + (—1+x)3)1/3

Problem 43: Unable to integrate problem.

J ! dx
X ((-1+x) (q—qu+x2>)1/3

Optimal (type 3, 118leaves, ? steps):

\/?Ar‘cTan[L + 202 (-1+x) ; ]
V33 ((-1+x) (g-2qx+x2) )3

Log[1-x] Logix] 3Llog[-g"?(-1+x)+ ((-1+x) (a-2qx+x?))"?]
2q1/3 * 4q1/3 * 2q1/3 N 4q1/3

Result (type 8, 677 leaves, 2 steps):
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1/3

2/3
1 1—5q+4q2+(1+6q—15q2+8q3+3\5«/—(—1+q>3q)
.

,1,2q,

3(-g+3qx+ (-1-2q)x?+x*)"? (1+6q715q2+8q3+3\/?«/7(71+q)3q)1/3

3 X

1-4q)%(1-q)?
-1+5q-4¢9"~ 1-4a)" (1-4) +(1+6q—15q2+8q3+3ﬁ (1—q>3q)2/3+
2/3
(1+6q—15q2+8q3+3ﬁ4/(1_q)3qj

3 [1—5q+4q2+ (1+6q—15q2+8q3+3\/?«/ (1-9)%q )2/3J (i (-1-2q) +x)
(1+6q—15q2+8q3+3\/?«/ (1—q)3q )1/3

2/3
1-5q+492+ (1+6q—15q2+8q3+3\/?«/—(—1+q)3q)
.

1/3
2

1
9|—(-1-2
+ (3( q)+X

1/3

Unintegr‘able[B/ X|-1-2q- 13 3X
(1+6q—15q2+8q3+3\/? —<—1+Q)SQJ
1-4 2 1- 2 2/3
1e5q-4qPs (1-4q)° (1-4) (160 15028033 (1)

2/3
(1+6q—15q2+8q3+3\/?«/(1—q)3qJ

1/3
1-5q+492+|1+6q-15g>+8q3+3+/3 +/(1-q)3q 7 -1-2q+3x /
2 |
+ » X
[1+6q—15q2+8q3+3\/?«/(1—q)3q)1/3

9 G (-1-2q) +x

Problem 44: Unable to integrate problem.

J 2—(1+k)x dx
((1-x) x (1—kx))1/3 (1-(1+k) x)

Optimal (type 3, 111 leaves, ? steps):

1+ 2KkY/3 x
((1-x) x (1- x) |2
/3 ArcTan| r\grk ] Log[x] Log[1- (1+k)x] 3Log[-kY3x+ ((1-x)x(1-kx))*?]
+ + -

k1/3 2 k1/3 2 k1/3 2 k1/3

Result (type 8, 139 leaves, 3 steps):
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3 (1-%)Y2x (1-kx)** AppellFi] %J i, i, i, x, kx| (1-x)*?x%3 (1-kx)'? CannotIntegrate| T (1”:*) A x|
+

2((1—x)x(1—kx))1/3 ((1—x)x(1—kx))1/3

Problem 45: Unable to integrate problem.
1-kx

J(1+ (-2+k) x) ((1-x)x (1—kx>)2/3

dx

Optimal (type 3, 176 leaves, ? steps):

1+ 213 (1-kx) -
/3 ArcTan| —*= (LEX(HXW ] Log[1- (2-k) x| Log[1 -k x] 3log[-1+kx+222 (1-Kk)Y? ((1-x) x (1-kx))*?]
N 22/3 (17k)1/3 ’ 22/3 (1—k)1/3 ’ 5 22/3 (1—k)1/3 B 2. 22/3 (17k)1/3

Result (type 8, 78leaves, 1step):

2/3 ,2/3 2/3 (1-k x) /3
(1-x)*?x?3 (1-kx)*? cannotIntegrate | PRI E— x|

((1-x) x (1—kx))2/3
Problem 46: Result unnecessarily involves imaginary or complex numbers.
a+bx+cx?
dx
J(1—x+x2) (1—x3)1/3

Optimal (type 3, 493 leaves, 19 steps):

172 21/3 (17/x] 1+z’/3 (1-x) o 2x : 1 2 2]’3x’ y y
(a+b) ArcTan[ ——]  (a+b) ArcTan[ —22"=]  cArcTan[ —22*-]  (a-c) ArcTan[ —22]  (b+c) Ar‘cTan[Ml’—xg)'—s]
V3 . V3 - V3 - V3 . V3 .
21/3 \E 2 21/3 \E \/? 21/3 \E 21/3 \/?
22/3 (1-x)?2 21/3 (1-x) 21/3 (1-x)
(a+b) Log[(l—x) (1+x)2} (a-¢) Log[1+x3] ) (b+c) Log[1 +x3] . (a+b) Log[1 + (17)(3):/3 - (17)(3)1;3] ) (a+b) Log[1 + (17)(3)1);3] )
12 21/3 6 21/3 6 21/3 6 21/3 3 21/3
(b+C> Log[21/3— (1—X3>1/3] . (a-c) Log[—21/3x— <1—X3)1/3} LT Log[x+ (17)(3)1/3} B (a+b) LOg[_1+X+22/3 (1_X3)1/3]
2 21/3 2 21/3 2 4 21/3

Result (type 3, 576 leaves, 7 steps):
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cArcTan[Llr—jL’} ) (2a+b711\/?b7 (1“1\5) c) ArcTan[Z—zt%L} +
V3 2212 (i ++/3|
(2a+b+j\/?b—c+i\/?c) ArcTan[‘zﬁL] (ij—\/? (2a+b—c—11\/?c)> LOg[‘(l—iﬁ—zx)z (1—1‘1\/?+2x)]
2 . 21/3 (J'lf\/?) + 12 . 21/3 (]-lJr\/?) +

(3ib+v3 (2a+b-crivV3c|)Log[-(1+iV3 -2x)° (1413 +2x]
12212 (i-+/3)
(3ib-ﬁ(2a+b—c—j\/?c)) Log[1-i+/3 +2x+2 223 (1-x3)"?]
4 22 (i3]
(3jb+\/?(2a+b-c+jﬁc)) Log[1+i+/3 +2x+2 223 (1-x3)"3]
427 (i-+/3]

+

lcLog[x+ (1—x3)1/3] -
2

Problem 52: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J Ca-Tra? ex
(— +m+x)\/(—a+x> <1+X2>

dx

Optimal (type 3, 66 leaves, ? steps):

V2 A - V1iva?z (—a+x)
-2 ./a ArcTan | : : ]

( a+x) (1+x2)

Result (type 4, 204 leaves, 9 steps):

-2 so[ViZix ] 2
| ax T ElllptlcF[Ar‘cSm[%],i] a1+ [ 2% V1% Elliptici| , Arcsin| %x},lja]

1-1 [a— 1+a2

+

\/—(a—x) (1+x2) (1—i(a—m))\/—(afx) (1+x2)
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Problem 56: Result valid but suboptimal antiderivative.
Jx (1—x3’)1/3 dx

Optimal (type 3, 73 leaves, 2 steps):

2x

1 ArcTan [ —=2 ] 1
= x? (1—x3)1/3— V3 ——Log[—x—(l—x3>1/3]

3 343 6
Result (type 3, 107 leaves, 8 steps):

2x

Ar‘cTan[—@i} 2
e (1) T e — T
3 3\/? 18 (1_X3)2/3 (1—X3)1/3 9 (1_X3)1/3

Problem 58: Unable to integrate problem.
J(l_x3)1/3 N

1+X

Optimal (type 3, 482 leaves, 25 steps):

2 213 (1-x)

1 :I_Jrzj/3 (1-x) 1- 2x 1- 2 21/3x
213 ArcTan[ 25| ArcTan [ 2255 ] ArcTan[ —825 ] 212 ArcTan| —22 |
1) . —— -, Gl
\3 22/3./3 J3 J3
14273 (1) 2/3  _1-x 2 (12 22 (1x)
21/3 ArcTan { \/?X } 1 Log [2 (17)(3)1/3 } Log [1 + (1-x3)%2 (17)(3)1/3 } 1 21/3 (1 _ X)
- = 2Y3 log[1+x3] + - L1 o2 og[as

V3 3 3..2%/3 3 22/3 3

(1 _X3>1/3

Log[2 23, —4x 20
[ + (1) + (17)(3)1/3} . Log[zl/s _ (1—X3)1/3] 1 LOg[f)(f (17)(3)1/3] ) Log[—21/3x— (1—X3)1/3}
6 2%/3 22/3 2 22/3

Result (type 8, 19 leaves, 0steps):
(1 B X3) 1/3

CannotIntegrate|
1+x

> X]
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Problem 59: Unable to integrate problem.

J(l—x3)1/3 i

1-x+x2

Optimal (type 3, 280 leaves, 19 steps):

1.2 213 (-14x) 2x 2213 x

)3 (1) L $223 (15¢)"°
\/?Ar‘cTan[#] APcTan[JJ—?P] Ar‘cTan[%] Ar‘cTan[1 2 Jl?x } ) Log[—?: (—1+x) (1—x+x2)]

+ - - +

22/3 V3 22/3./3 22/3.[3 2 22/3
Log[2'/3 - (1-x3)%?] . 3Llog[-2Y3 (-1+x) + (1-x3)7] o L Log[x+ (1-%)17] - Log[2'3 x+ (1-x3)*?]
2 22/3 2 22/3 2 2 22/3
Result (type 8, 79 leaves, 2 steps):
2 i CannotIntegrate| M, x| 21 CannotIntegrate| —(ﬁ)i, x|
1+i+/3 -2x . ~1+i /3 +2x
V3 V3
Problem 60: Unable to integrate problem.
1_x3)1/3
J& ax
2+X
Optimal (type 6, 232 leaves, 12 steps):
2Ar‘cTan[;ﬁﬁJi 1. 3)1/3
1 1 1 4 3 IIEE 1 2(1-
(1-x3)*2 4 = xAppellF1[ =, - =, 1, —, X, _X—] - V3 +31/6Ar‘cTan[#} - 3%/6 ArcTan| . (1-%) ] -
2 37 3 3 8 NEY J3 J3 3 31/6

Log[8 + x*]

1 1 1
e, P res[3 - (1) 27 - og[ox- (1)) 4 3 Log [~ 3 (1-x0) 7]

Result (type 8, 19leaves, 0steps):
(1 B X3) 1/3

CannotIntegrate|
2+X

> x|

Problem 61: Unable to integrate problem.

J 2+X dx
<1+X+X2) (2+X3>1/3
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Optimal (type 6, 168 leaves, 9 steps):
1.2 31/3 x ,
2 15 © —lze) 3122 (200) 1
x2 Appe11F1[3, 1, L, X3, _Xz] 2 ArcTan| e ] ArcTan| ]

37 5 35/6 Log[1-x3] Log[3/- (2+x3)1/3] Log[3%/3 x - (2+x3)1/3]
- + + + + -

2 21/3 35/6 35/6 6 31/3 2 31/3 31/3

Result (type 8, 81 leaves, 2steps):
1

(1-11\/?+2x) (2+x3)23

1
(1+1ﬁ+2x) (2+x3)1/3,

(1— i \/?) Unintegrable| » X+ (1+ i \/?) Unintegrable|

x]

Problem 82: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J -2+a+X
dx
(-a+X) \/(zfa) ax+ (-1-2a+a?) x> +x3

Optimal (type 1, 1leaves, ? steps):
0

Result (type 4, 529 leaves, 5 steps):
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2(1—3)W\/(Z—a)a—(1+2a—a2)x+x2 ArcTan| [12a-a? Vx ]

(2-a) a- (1+2 a-a%) x+x?

+

av-1+2a-2a? \/(2—a> ax- (1+2a—a2) x2 + x3

1

SR

([(2-a) 2"/

1+

EllipticF [2 ArcTan [

X J (2-a)a-(1+2a-a2) x+x?

(2-2a)a (2—a)a[1+ X

(2-a) a

(a\/(Z—a)ax—<1+2a—a2)x2+x3 +|(2-a) (1— (2-a)a Vx o1+ X ] <2_a>a_<1+2a_a2>X:X2
(2-a)a (2a)a[1+ ’
oticpi (\/Zfa +\/?)2 T N 1 1+2a—a2] Ca) a) 3% " a) ax - a_a2) 2+ 53
e e e 1|/ [(z-3) 2 [T2-a) ax— (1:2a

Problem 83: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J —a+(—1+2a>x
dx
(—a+X) \/azx— (-1+2a+a?)x2+ (-1+2a) %

Optimal (type 3, 46 leaves, ? steps):

—a?+2ax+x2-2

x+\/(1—x) x (@ +x-2ax)

]

Lo
d (a-x)?

Result (type 4, 180 leaves, 7 steps):

2 (1-2a) V1-x Vx |1+ 822X EllipticF[Arcsin[v/x |, -*22] 4 (1-a) VI-x x |1+ 323X EllipticPi[Z, ArcSin[Vx ], - +32]

a? a?

N
\/a2x+ (1—2a—a2) x2 - (1—2a> x3 \/a2x+ (1—2a—a2) x2 - (1—2a) x3
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Problem 94: Result valid but suboptimal antiderivative.

1
J(1—x3) (a+bx3)1/3 >

Optimal (type 3, 98 leaves, 1 step):

14 2 (a+bJ”3 X
1/3
ArcTan [ — |

Log[1-x3] Log[(a+b)1/3x—(a+bx3)1/3]
. _
\/?(aq.b)l/?’ 6(a+b)1/3 2(a+b)1/3

Result (type 3, 135leaves, 7 steps):

1,2 asb) 3 x
ArcTan | —l=e2is | Log[1 - (abi—x Vx | Log[1-+ (2:0)¢ | (2+0) 2 x ]
V3 (a+bx?)¥/? (a+bx3)??  (a+bx3)?/?

N
\/?(a+b)1/3 3(a+b)1/3 6(a+b)1/3

Problem 95: Unable to integrate problem.

J* 1+x dx
(1+X+X2) (a+bx3>1/3

Optimal (type 3, 154 leaves, 8 steps):

1.2 (a+b11’3/x 1.2 (a+bx3 )/:’3
Ar‘cTan[—%l’—} Ar‘cTan[—‘j{’)’—} Log{(a+b)1/3— (a+bx3)1/3] Log[(a+b)1/3x— (a+bx3>1/3]

+ +

V3 (a+b)?? V3 (a+b)?? 2 (a+b)'? 2 (a+b)??
Result (type 8, 91 leaves, 2 steps):
1 (3 -1 \/?) Unintegrable| ! » X] + 1 (3+ i \/?) Unintegrable| ! » X]
3 (1—1‘1 3+2x) (a+bx3)1/3 3 (1+J'l\/?+2X) (a+bx3)1/3

Problem 97: Result valid but suboptimal antiderivative.

J(1—x3)1/13 (1+x3) o

Optimal (type 3, 88leaves, 1 step):
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2213 %

1-
ArcTan [ —‘—Plr: v }

Log[1+x3] Log[—21/3x— (1—x3>1/3]
21/3\/? N 6 21/3 * 2 21/3

Result (type 3, 122 leaves, 7 steps):

2213

1-

33 223 x2 _ 213 x 213 x
ArcTan [ 4(\1/—?J7} Log [1 + (1_X3)2/3 (1_X3>1/3 ] LOg [1 + (1_)(3)1/3 ]
- - +
21/3 \/? 6  21/3 3 ..21/3

Problem 98: Result unnecessarily involves higher level functions.

J(1x3)1/3 (1+x3) o

Optimal (type 3, 233 leaves, 8steps):

.22 (17’x) 14 213 (1-x)
ArcTan | —L—J—\l/; —]  ArcTan| —(—)—\1/; |

283 (a1-x2 23 (1x 2Y3 (1-x)
Log[(1-x) (1-x)7] BN ] el N eg[ i1k 220 (1o00) 2]
+ + -

21/3 /3 2 21/3\/? 12 21/3 6 21/3 3 21/3 4 21/3

Result (type 6, 26 leaves, 1step):

1 2 1 5
= x2AppellFl| =, =, 1, =, x>, -x?]
2 3 3

Problem 100: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J 1+X dx
(1—x+x2) (1—x3)1/3

Optimal (type 3, 135leaves, ? steps):

1.2 213 (1-x)

ISR 23 (12 2Y3 (1-x) 22 ax)
\/3 ArcTan|[—22" ] Log[1l+ IR I | Log[1- ) J
VI (1-2) (2-%) (2-¢)
21/3 2 213 ) 213

Result (type 3, 409 leaves, 4 steps):
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e [
(3-iV3) ArcTan [ —— o] (3+iV3) ArcTan [ —— 0|
2212 (1443 2212 (1-+/3]
(i-v3) Log[- (1-1 V3 -2x)" (1-1 3 +2x]] ) (i+V3 ) Log[- (1+1V3 -2x)" (1413 +2x]]
422 (i3] 4.2 (1-+/3)
3(i-V3 ) Log[1-iV3 +2x+2 222 (1-x)*?] 3 (i+V3 |Log[1+iV3 v2x42 223 (1)1
4 22 (1443 4 213 (i-43)

Problem 101: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J (1+X)2 dx
(1—x3>1/3 (1+x3)

Optimal (type 3, 135leaves, ? steps):

2213 (1-x)

1- 2/3 (1 _y)2 21/3 (1. 21/3 (1.
eyt ] Logf14 XS 220 Log[1+ 21X
\/3 ArcTan| = ] g 1) (1) ] gl (1) /2 ]
21/3 2 21/3 21/3

Result (type 3, 409 leaves, 5 steps):

[ [
(3-1\/?) Ar‘cTan[—‘—J—zl’gl’é ] (3+i\/?) ArcTan[éi—;J;” ]
2213 (1443 ) 2212 (1-+/3)

(1-V3 ) Log[- (1-1 V3 -2x)° (1-1+3 +2x]] ) (i+V3 ) Log[- (141 V3 -2x)° (14173 +2x]]
4.2 (1443 42 (i-+3)
3(i-V3)tog[1-iV3 +2x+2 227 (1-5¢)"?] 3 (i3] Log[1+i V3 +2x+2 223 (1-)17]
4 27 (1443 4 273 (1-4/3]

Problem 102: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J 1-Xx dx
<1+X+X2) (1+X3)1/3



Optimal (type 3, 119leaves, ? steps):

1- 2213 (14x)

ﬁAr‘cTan[—’J—;&] Log[l L 2P as? 22 (1ex) ] Log[l L 22 }

(1+x3) 2/3 (1+x3) 1/3 (1+x3) 1/3

21/3 2 21/3 21/3

Result (type 3, 399 leaves, 4 steps):

i e
(3-1ﬁ)ArcTan[—t—J—2%“ ] (3+1+3 ) ArcTan] fae ]
2213 (1443 2213 (i-+/3]
(i-v3) Log[(1-iv3 -2x) (1-iv3 +2x)°] (i+V3]Log[(1+iV3 -2x] (1+i+3 +2x)] )
4 227 (1443 42 (i3
3(1-V3 ) Log[1-iV3 ~2x+2 223 (14x3)] +3(j+ﬁ) Log[1+i+/3 —2x+2 223 (1+x3)"?]
42 (1443 4 23 (1-4/3)

Problem 103: Unable to integrate problem.
3)2/3
J& ax

<1+X+X2)2

Optimal (type 5, 43 leaves, 5steps):

1 X ) ) 2 4 5
+ -X Hyper‘geometr‘1c2F1[f, —5 —» X ]
(1-x3)*% (1-x3)° 3°3° 3
Result (type 8, 151 leaves, 2 steps):
/
3)2/3 41 CannotIntegr‘ate[—(l’—Xs)i, x|
4 (1 X > -1+1 \E—Zx
- — CannotIntegrate| = x| + _
3 (-1 fi/3 -2 x) 34/3
/
4 (1-%3) 2/3 4 i CannotIntegrate| %i)i, x|
— CannotIntegrate| , x|+ LiV3 2%

3 (1+]'l\/?+2x>2 3+/3
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Problem 104: Unable to integrate problem.

J 1-x dx
(1+x+x2) (1—x3)1/3

Optimal (type 5, 43 leaves, 5steps):

1 X , _ 2 4 5
o 3 X Hypergeometric2F1[—, —, =, X*|
(1-x3) (1-x3) 33 3
Result (type 8, 87 leaves, 2steps):
_ (1 +1 \/?) Unintegrable| ! » X| - (1 -1 \/?) Unintegrable | ! » X]
(1-jm/?+2x) (1-x3)"3 (1+i\/?+2x) (1-x3)"3
Problem 108: Unable to integrate problem.

(17)(3)2/3

——d
j a+bx X
Optimal (type 6, 384 leaves, 13 steps):

o 2x 172(a3+b3)1’/’3x
(1-3)%7 (a®+b3) x2 AppellFl[f, %, 1, %, X3, _":—;‘3] aZAr‘cTan[—‘gi} (a®+ %)% Ar‘cTan[a—“\/;)i}
2b 2a%b? i J3 b3 ) J3 b '
1+Zb&17x3’\1’3
(a®+ %)% ArcTan[%] ) a x? Hypergeometric2F1[ 7, 2, 2, X’ ) (a> + 63) %2 Log[a® + b* ] )
V3 b3 2 b? 3b3
(a3+b3)2/3 Log[—wf (17)(3)1/3] 2% Log[x+ (17)(3)1/3] (a3+b3)2/3 Log[(a3+b3)1/3—b (17)(3)1/3]
- +
2b3 2b3 2b3

Result (type 8, 21 leaves, 0steps):

(1 _ Xg) 2/3
CannotIntegrate | —————, x
a+bx
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Problem 109: Unable to integrate problem.
J4<1_X3) : dx
(1 —x+x2)2
Optimal (type 5, 234 leaves, 13 steps):

2213 x

1-

(153)27 x (1-x)27 252 (1) 22/3 ArcTan | ’;’;‘1'3] 22/3ArcTan[M]

V3
- - - +
3 (1+%3) ' 3 (1+%) ' 3 (1+x3) 33 343
L 21/3 _ (1 _x3)1/3 L _21/3 % _ (1_x3)1/3
L Hyper‘geometr‘iCZFl[l, E, E, x| - il (1-2)"] + g x-(1-2) 7]
3 3 3 3 3 21/3 3 21/3
Result (type 8, 151 leaves, 2 steps):
. 1-x3)23
1_x3)2/3 41 CannotIntegr‘ate[ ‘ B x}
—iCannotIntegr‘ate[ (1-x) = x| + 141 V3 2x _
3 (1+13 -2x) 3+/3
. 1-x3) %3
1-x3)2/3 41 CannotIntegr‘ate[ : B x}
iCanno‘cIntegr‘ate[ (1-%) = x| + 1083 2
3 (1483 +2x] 34/3

Problem 110: Unable to integrate problem.
J(l—ZX) <1—x3)2/3

(1—x+x2)2

dx

Optimal (type 3, 199 leaves, 14 steps):

1o 2 12 21/3
1.x3) Y3 2/3 (1-x3)Y3
(1—x3)2/3 ) 2Ar‘cTan[%¥ﬁ ] ) 2 APcTan[%ﬁ ] )
1-x+x? V3 V3

ZZ/BAPCTan[ﬂg—XB)E} Log[2'? - (1-x%)?]  Log[-2'3x- (1-x3)'?]
N _

\/? 21/3 21/3
Result (type 8, 159 leaves, 6 steps):

+Log[x + (1—x3)1/3]
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4 1-x3)%/3 4 1_x3)2/3

- ~ CannotIntegrate | ( ) > x|+ — (1 +1 \/?) CannotIntegrate| < ) - x] -
3 (1+1’L\/?—2x) 3 (1+]1\/?—2x)
4 1-x3)?%/3 4 1_x3)2/3
— CannotIntegrate| ( > > x|+ — (1— i \/?) CannotIntegrate| ( ) = x|
3 <71+]'1\/?+2X) 3 (71+]'1\/?+2X>

Problem 111: Unable to integrate problem.
(1—X3>2/3
Ji dx

1+X

Optimal (type 5, 177 leaves, 5steps):

1/3 (1_
1+Z (1-x) 1- 2x

V3 ArcTan| %} ArcTan | —22

: (1—x3)2/3 - V3 + V3 + lx2 Hyper‘geometr‘icZFl[l, %, 5, x| -
2 21/3 V3 2 3737 3
Log[(1-x) (1+x)?] ) 1Log[x+ 1)+ 3Llog[-1+x+22/% (1-x3)'7]

2213 2 5 91/3

Result (type 8, 19leaves, 0steps):
(1 B X3) 2/3

CannotIntegrate|
1+Xx

> x|

Problem 112: Unable to integrate problem.

J(1x+x2) (1—x3)2/3

1+x3

dx

Optimal (type 5, 177 leaves, 6 steps):

21/3 (1-
14270

V3 ArcTan| %} ArcTan | —222 ]

1 (1—x3)2/3 - V3 + V3 + lx2 Hyper‘geometr‘icZFl[l, E, 5, x| -
2 213 J3 2 3737 3
Log[(1-x) (1+x)?] ) lLog[x+ 1-50)] 3Llog[-1+x+22/% (1-x3)'7?]
2213 2 9 91/3

Result (type 8, 19 leaves, 1 step):



(1_X3)2/3

CannotIntegrate |
1+x

» X]

Problem 113: Result unnecessarily involves higher level functions.

J(l—x3)2/3 i

1+x3

Optimal (type 3, 132leaves, 3 steps):

2x 223 x

APcTan[Mﬁ]
N3

22/3 ArcTan [ —(—P;; & }

Log[1+x*] Log[-2¥3x- (1-x3)?]
- +

V3 V3 3213
Result (type 6, 21 leaves, 1 step):
xAppellFl[l, —3, 1, 4—, x3, %3]
37 3 3

- = Log|[x + (17x3)1/3}

21/3 2

Problem 114: Result unnecessarily involves higher level functions.

1-_ 3)\2/3
J7X< X) dx

1+x3

Optimal (type 5, 250 leaves, 10 steps):
~22Y3 (1-x)

1
22/3 ArcTan | _(_J_JW; ]

21/3 (1-x)

1, 2 (1
Ar‘cTan[—‘——+ s

3 1. ) 1 2 ,
N " --X HYPergeometrlczFl[—, 2,2 x } N
3 21/3 /3 2 37 30 3
Long—X) <1+x>2] g (17)(3)2/3 (1-x3)Y/2 51/3 (1—X) Log[_1+x+22/3 (1_X3>1/3]

+

6 21/3 3 21/3

Result (type 6, 26 leaves, 1 step):

1 2 2 5
=x2AppellFl| =, - =, 1, =, x3, -x*]
2 3 3 3

Problem 115: Unable to integrate problem.

dx

[la=x o)

1+x3

3

223 Log[1+

<1_x3)1/3 2 21/3
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Optimal (type 5, 383 leaves, ? steps):

1. 2213 (1-x) 14 21/3 (1-x)

223 ArcTan [ —22—]  ArcTan| —27]
\/37

2x

: 1- 223 x
ArcTan| ——’—’\1; =] 222 ArcTan| —=27 ]
3

A3 21/34/3 \3 A3
223 (1-x)2  2Y3 (1-x)

1 ) 1 2 5 Log[ (1 - x) (1 n x)z] Log[l n x3} Log[l (150)22 (1x2) Y2 }

= x? Hypergeometric2F1[ ~, =, =, x3] - - - +

2 3 3 3 6 21/3 3213 3213

21/3 (1 _ L _21/3y _ (1_x3)1/3 L 1 22/3 (1 _x3)1/3

1 22/3L0g[1+ ( X) + og[ X < X) } ——Log[x+(1—x3)1/3}+ Og[ e ( X> ]

3 (1_X3>1/3 21/3 2 2 21/3
Result (type 8, 101 leaves, 2 steps):

1- 3)\2/3 1- 3\2/3 1- 3\2/3

73CannotIntegrate[¢, x| - 1 (1 + <71>2/3) CannotIntegr‘ate[;), x| - 1 (1— (—1)1/3) CannotIntegrate| (1-%)

3 -1-x 3 —1+(—1)1/3x 3

Problem 116: Result unnecessarily involves higher level functions.

J(l—xi‘)l/3 iy

1+x3

Optimal (type 3, 272 leaves, 14 steps):

2213 (1%

1 1+2m (1-x)
213 ArcTan [~ ]  ArcTan[ =] Log[277 - ]
3 3 )
V3 N N (1-¢)
NEY 22/3./3 3.2%3

2/3 2 1/3 _
Log[1+ 2%° (1-x)° 2 (1 x/) }
(1—X3)2/3 (1_)(3)1/3

Log[2  21/3 (1-x)? 223 (1-x)
21/3 (1 _ x) g[ + (1) + (10) ]

(17X3>1/3 6 22/3

1
+ = 23 Log[1+
3 22/3 3
Result (type 6, 21leaves, 1step):
1 1 4
x AppellFl[ =, - =, 1, —, x>, -x?]
37 3 3

Test results for the 8 problems in "Wester Problems.m"

1 (_1)2/3 » X
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Summary of Integration Test Results

1892 integration problems

A - 1813 optimal antiderivatives

B - 33 valid but suboptimal antiderivatives

C - 14 unnecessarily complex antiderivatives
D - 32 unable to integrate problems

E - 0 integration timeouts

F - O invalid antiderivatives



